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E X A C T  S O L U T I O N  F O R  A H I G H - T E M P E R A T U R E  J E T  

~.  A. B o b n e v  UDC 532.526 

H igh - t empe ra t u r e  gas (plasma) je ts  a r e  widely used in modern  technology and the jet is often l amin a r  
(see, e.g. ,  [117o The  Dorodnitsyn t r a n s f o r m a t i o n  used in the study of nonisothermal  jets  [2], is useful for  plane 
flows with ce r ta in  l imi ta t ions  placed on the the rmophys ica l  p rope r t i e s  of the gas and, bes ides ,  it is difficult 
to convert  the Dorodni tsyn var iab les  to physical  coordinates .  An exact s imi l a r i t y  solution within the f r a m e r  
work  of bounda ry - l aye r  approximat ions  is given in this  pape r  for  the noniso thermal  a x i s y m m e t r i c  flow in the 
region where  the t e m p e r a t u r e  at the jet axis is apprec iab ly  higher than the t e m p e r a t u r e  at infinity. 

The p rob lem descr ib ing  the efflax of a nonisothermal  jet f r o m  a cyl indr ical  orif ice can be wr i t ten  within 
the f r a m e w o r k  of bounda ry - l aye r  approx imat ions  in the fo rm 

t 0 0 w  ( Ow Ow) t 0 0 1 0 01" ( Or WOT]; (17 
r orr-87"r = p  v-~;'r +W-'~-z~ r - ~ r r p V + T z p w = O ,  p r = l ~ r - 5 7 r ~ 7  = P r p  v-~-r+ oz) 

Ow OT (2) 
v=--gr--=-~-r = 0  at r = 0 "  

T---e, w = 0  as r ~ .  (3) 

Here  r ,  zRe a re  cyl indr ical  coordinates  (r, z a r e  the inner coordinates  inthe asympto t ic  expansion in 
t e r m s  of the smal l  p a r a m e t e r  Re-t) ;  f t e =  l/'~Ii~,/2~/g~ is a ce r ta in  analogous Reynolds number;  vRe -~, w 
a re  the longitudinal and t r a n s v e r s e  veloci ty components;  P r  =CpM#M/)t M is the Prandt l  number;  e is the value 
of the t e m p e r a t u r e  at infinity; the r e s t  a r e  conventional quant i t ies ,  In o rde r  to nondimensional ize ,  the quanti t ies 
TM, PM' CpM, #M, and X M (dimensional quanti t ies  a re  denoted by the subscr ip t  M), and also the values of total  
impulse  IIM and flow enthalpy I2M given by the equations 

I,~ = 2~p~V~L~ S pw2rdr,: In, = 2ncp~pMT~V~L~ .[ pw (T -- e 7 rdr 
0 0 

ave a s sumed  specif ied.  The r e f e r ence  sca les  fo r  the velocity V M and the length L M a re  given by 

In wri t ing Eqs. (1) it was  assumed  that the specif ic  heat,  t h e rma l  conductivity, and dynamic v i scos i ty  a r e  con-  
s tants .  For  the p rob lem (17-(37 the initial conditions should have been fixed at z =z 0 but in the presen t  study 
only s imi l a r i t y  solutions will be considered and hence in o rde r  to complete  the set  of equations for  the p rob lem 
(17-(3), we fo rmula te  conditions for  the conserva t ion  of momen tum and enthalpy 

0 0  

pw'rdr=t ,  ~ pw(T- -e ) rdr -~ t .  (4) 
0 o 

The p rob lem (1)-(4) will be considered as e ~ 0 .  In the z e r o t h - o r d e r  approximat ion  in t e r m s  of e ,  the p rob lem 
(1)-(4) is t r a n s f o r m e d  to the s y s t e m  of equations (1), boundary conditions (27, and 

w =  r = 0  as r - + c c ;  (5) 
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the in tegra l  relat ion~ (4) in this  case  have the f o r m  

pw'~rdr = 1, wrdr =: I. (6) 
o o 

The s i m i l a r i t y  solut ion for  the p rob l e m  (1), (2), (5), and (6) is sought in the f o r m  

w (r, z) = z%'tt (x), v (r, z) .-= z %] (x), T (r, z) == zaTO (x), r = z"x,  (17) 

where  the s i m i l a r i t y  p a r a m e t e r s  a w,  . . . ,  a a r e  d e t e r m i n e d  f r o m  Eq. (1), in tegra l  r e l a t i o n s  (6), and a r e  g iven 
by  . 

aw = a r  = - - i ,  a = t/2, av = --3/2. (8) 

Substi tuting (7), (8) in Eqs .  (1), (2), (5), and (6), it is poss ib le  to  obtain 

( i /x)(xu ' ) '  = (l/0)[]u' - -  u(u + ( i /2)xu')] ,  (i/x)(x]/O)' --( i /2)(u/O)'  = O, (5/x)(xO')' = er(i/O)[]0' - -  u(0 + (i/2)x0')]; (9) 

[ - - - u ' = e ' = 0  at x = 0 ;  (10) 

O =  u = 0  as x--*oo; (11) 

--~-xdx = t~ uxdx = t. (12) 
0 o 

Note that  the  solut ions  to  the  p r o b l e m  0 ) - 0 1 )  a r e  invar iant  to the t r a n s f o r m a t i o n  

x -.~ ax, 0 --~ bO, u ~ a-=bu, ] -.). a-lb],  (13) 

w h e r e  a ,  b a r e  a r b i t r a r y  cons tan t s ,  i .e . ,  the bounda ry -va lue  p r o b l e m  (9)-(11) can be t r a n s f o r m e d  to Cauehy 
p r o b l e m  by a r b i t r a r i l y  giving the n e c e s s a r y  initial condit ions a t  x =0,  e .g . ,  

O = u = i  at x = 0 .  (14) 

Then, a f t e r  in tegra t ing  the s y s t e m  (9) with initial condit ions (10) and (14), it is n e c e s s a r y  to  know whe th e r  or  
not the solut ion obtained fo r  the Cauchy  p r o b l e m  sa t i s f i e s  the boundary  condit ions at infinity (11). If the so lu -  
t ion  to  the Cauchy p r o b l e m  sa t i s f i e s  t he se  condi t ions ,  then it is the nont r iv ia l  solut ion to the p r o b l e m  (9)-(11)p 
which can be t r a n s f o r m e d  to  the f o r m  sa t i s fy ing  the in tegra l  condit ions (12) with the help of the invar ian t  p r o p -  
pe r t i e s  {13). The s y s t e m  of equat ions 0)  is t r a n s f o r m e d  to the f o r m  

(5/x)(zt~')' =: (510)(stt'/Pr - -  u"), (t/X)(xO')' = O's/O - -  Pr it, (5/x)(xs)' = O's/O - -  Pru, (15) 

w h e r e  

s = P r ( / -  ( l /2)xu).  (16) 

Boundary  condit ions (10), (11) a r e  then  wr i t t en  in the f o r m  

O'=u'=--s---=O a r . x = O ,  O = u = O  as x - - . c ~ .  (17) 

I t  is poss ib le  to  obse rve  f r o m  the p r o b l e m  (16), (17) that  the equat ions  and boundary  condit ions fo r  s and 
0 t coincide,  i .e . ,  

O ' =  s. (18) 

The solut ions  fo r  u is sought in the f o r m  

u = 6#.  ( 1 9 )  

Substi tuting (19) in the f i r s t  two equat ions  of the s y s t e m  (15) and keeping in view (18), we get  

(1/z)(z0 ' ) '  = (o'le)(51pr - ~ + 5) - -  (5/~)0~, (20) 

(51x)(xO')' --=- 0'2/0 i PROS. 

The two equat ions  of the s y s t e m  (20) wil l  not be c o n t r a d i c t o r y  if we put 

=: i/Pr. (21) 

Then, with the cons ide ra t ion  of (18), (19), and (21) the p r o b l e m  (15), (17) is r educed  to a s i m p l e r ,  s ingle  s econd-  
o r d e r  equation 

(51x)(xO')' = 0'2/0 - -  Pr01/rr (22) 
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with boundary  condi t ions  

0 ' ] ~ =  0 = 0, Ojx_..~ = 0. (23)  

The p r o b l e m  (22), (23) f o r  P r = l  a l lows an e x t r e m e l y  s imple  solut ion 

O = A o x a e x p  (--xV4). (24) 

Assuming  that  the t e m p e r a t u r e  at the jet axis  is f ini te  and nonze ro ,  we put A =0,  and the  constant  A0 is d e t e r -  
mined f r o m  the n o r m a l i z a t i o n  condit ions (12). Then, a c c o r d i n g  to  (19), (21) and f r o m  Eqs.  (24) it is poss ib le  
to  obtain fo r  P r  = 1 

u = 0 ---= (t/2) exp(--x~/4), (25) 

and the rad ia l  ve loc i ty ,  as fol lows f r o m  (16)-(18),  is equal  to z e r o  

] = 0' - -  (l/2)x0 = 0. (26) 

Thus,  when P r  =1, the quant i ty  u / 0  o r  (see Eqs.  (7), (8)) pw =1 r e m a i n  cons tant  in the en t i r e  flow reg ion  
of the  h i g h - t e m p e r a t u r e  je t ,  i .e . ,  an i n c r e a s e  in t e m p e r a t u r e  causes  a p ropor t i ona l  i n c r e a s e  in axial  ve loc i ty  
while  the rad ia l  ve loc i ty  (26) r e m a i n s  equal to  z e r o .  

When P r  r  the solut ion of the p r o b l e m  (22), (23) is cons ide r ab ly  m o r e  diff icult  to  obtain.  We shal l  now 
d e s c r i b e  the p r o c e d u r e  fo r  its solut ion.  Let  0 = g P r / l - P r )  then  Eq. (22) is t r a n s f o r m e d  to  the f o r m  

( l / x ) ( x g ' ) '  = g ' ~ / g -  (I --  Pr)gK (27) 

After  the in t roduc t ion  of a new funct ion g =exp(y) the Eq. (27) is r e w r i t t e n  in the f o r m  

( l / x ) ( x y ' ) '  = --(1 --  Pr) exp(y). (28) 

The Eq~ (28) is a p a r t i c u l a r  f o r m  of the E m d e n - F o w l e r  equat ion [3]. The p r o c e d u r e  fo r  its (Eq. (28)) solut ion 
is as  fo l lows.  By in t roduc ing  a new funct ion ~ (t) and an a r g u m e n t  t 

"q(t) = x y ' ,  t = x 2 exp (g) 

it is poss ib l e  to  obtain f r o m  Eq. (28) 

71 "~ + 4'1 + 2(I - -  Pr)t -f- 4c = 0,; 

(29) 

(30) 

w h e r e  c is a cons tan t  d e t e r m i n e d  subsequen t ly  as  the coeff ic ient  of g2 in Eq. {27). Using Eq. (29) with the help 
of (30), (28) we get  the  Ricca t i  equat ion  2 x 2 y " - 2 x y ' - x 2 y  ' 2 - 4 c  =0,  which can be r educed  to  the E u l e r  equat ion 
with the  help of the  t r a n s f o r m a t i o n  y ' =  - 2 q ' / q  

x~"q ' '  - -  xq '  + cq = 0. (31) 

C x I+y~--=-/ ' C x 1-Vi~-~ Inverse  t r a n s f o r m a t i o n  to the funct ion 0 g ives  The solut ion of Eq. (31) is obvious :  q -= x -r ~ . 

Assuming  that  0 is f inite and nonz e ro  at x =0,  it is n e c e s s a r y  to  equate to  z e r o  the exponent  of x in Eq. 
(32): 

t - V O  - P r ) / ( s c l c ~ )  = o. (33) 

C i is d e t e r m i n e d  f r o m  Eq. (33) and subst i tu ted in (32) to  get  

0 = (C~ + ((t - -  Pr) /8C2)x2) -2Pr / (Pr- t ) .  (34) 

It fol lows f r o m  Eq,  (34) that  when P r  > 1 t h e r e  is no solut ion that  d e c r e a s e s  as  x ~ ~r This can  be explained 
by the  fol lowing poss ib le  r e a s o n s :  1) the s i m i l a r i t y  solut ion (34) is appl icable  wi thin  a l i m i t e d  range  of the 
va r i ab le  x (i.e.~ in the p r o b l e m  (1), (2), (5), and (6) the boundary  condi t ions  w = T  =0 a r e  not se t  at  r--*~, but 
at a finite value of r ,  or ,  in o ther  w o r d s ,  the b o u n d a r y - l a y e r  t h i ckness  is f ini te;  2) t h e r e  is no s i m i l a r i t y  so lu -  
t ion  fo r  the p r o b l e m s  (1), (2), (5), and (6) in  the f o r m  (7), (8). 

Using Eqs .  (34), (19), (21), (18), and (16), invar ian t  p r o p e r t i e s  (13), and in tegra l  r e l a t ions  (12), we obtain 
solut ions  fo r  0, u, and f fo r  P c <  1 in the f o r m  
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/=---W--x t +  8 ( l + P r )  J --  t +  8 ( i+Pr )  xZ 

l + P r )  
1 - -P r / ,  

Using Eqs .  (7) and (8)we r e v e r t  to  v a r i a b a l e s  r ,  z and funct ions  w, T, and v with the  help. of Eq. (35): 

T = t +4 er 7t [ j  .~_ (3 --8 (T~-PT)Pr) (t -- Pr) ~-r ~-.j]-~Pr/(1-Pr), 

w = 3 --4 Pr ~t [ t  -t- (3 --8~. ~-P~Pr) (t --  Pr) "~-Jr ~ ]--~/(1--Pr) 

l " P r  I 
3- -Pr  r (3  - -  P r )  ( l  - -  P r )  r 2 -2/(l-Pr) (3 -- Pr) (t -- Pr) 2 

V=  8 7 t ,-}- g {-i'~P"~) T - -  I 'A- 8(1 + Pr) ' " 

In t roducing the  s t r e a m  funct ion 

and us ing  Eq. (36), we  get  

(35) 

(36) 

r 

= ,I rpwdr (37) 
0 

4 ( [ (3 -- Pr) (t -- Pr) ~ ]  -1} 
1 -- Pr z I - -  t -~ 8 (I -~ Pr) " (38) 

When P r - - - 1 ,  the  s t r e a m  funct ion (37) does  not depend on z: 

Pr-~1 Pr-~l 1 - -~r  t " g ~ T ~ - )  =-2-"  (39) 

AS r t ends  to  infini ty in the equat ion f o r  r (38), we  get  

~Jr-.o~ = 4/(1 - -  Pr)~ (40) 

w h e r e  r  can be i n t e r p r e t e d  as a m a s s  of fluid in the  jet  p e r  unit t i m e ,  o r  the to ta l  d i s e h a r g e ,  d e t e r m i n e d  
a c c u r a t e l y  to  the  coef f ic ien t  21r. It fo l lows f r o m  Eq. (40) tha t  the to ta l  d i s c h a r g e ,  as  in the  c a s e  of i n e o m p r e s -  
s ib le f lu id ,  i n c r e a s e s  with d i s t anee  f r o m  the  nozz l e .  When P r - - * l ,  the  to ta l  d i s c h a r g e  i n c r e a s e s  unboundedly,  
and Eq.  (40) b e c o m e s  inapp l icab le  at P r  = 1. In th is  e a s e ,  it fo l lows f r o m  Eq. (39) tha t  the  s t r e a m  funct ion does  
not depend on z and the  to ta l  d i s e h a r g e  b e e o m e s  inf ini te .  

S~reaml ines  shown in Fig .  I f o r  a l a m i n a r  h i g h - t e m p e r a t u r e  e i r e u l a r  jet  fo r  P r =  1/2  a r e  obta ined f r o m  
the equat ion  

(3 -- Pr) (1 -- Pr) z t 4 T " (41) 
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where P r  and ~ a r e  considered known constants .  As z ~ ,  it follows f rom Eq. (41), rZ t r~ .o=(2  (1 + P r ) / ( 3 -  
Pr))J ,  i .e. ,  the s t r eaml ine s  become para l le l  to the z axis .  At z =Zp = ( (1 -P r ) / 4 ) r  the function r 2 = r  2 (z) has 
a pole,  [ .e. ,  cold gas  is entrained f rom infinity (radially) along the su r face  z =Zp and heated.  I so the rms  d e t e r -  
mined f r a m  the f i r s t  of Eqs. (36) a re  shown in Fig. 2 for P r  = 1/2.  
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